Analytical and numerical studies of the thermal characteristics of conventional and composite laser rods in laser-diode endpumped geometry are reported in detail using Nd : YAG rods as an example. It has been shown that taking into account the temperature dependence of the heat conductivity, the change of the temperature in the active element can be significantly higher compared to the data for the temperature-independent heat conductivity coefficient. It has been found that the dependence of heat conductivity on temperature causes the non-parabolic heat distribution even in the region inside the pump beam with the top hat intensity distribution. It has also been shown by direct numerical simulations that the undoped entrance section of the composite rod significantly reduces the peak temperature rise inside the crystal.
Introduction
Thermal effects play a very important role in solidstate lasers causing thermal distortion of the generated beam and limit the average power due to possible fracture of active elements by the induced thermal stresses. Therefore, these effects attract much attention and the results of previous investigation of this problem for lasers with the edge lamp pumping are described in many monographs and textbooks [1] [2] [3] [4] [5] [6] [7] . A new stage of the investigations of the thermal effects started with the development of solid-state lasers with longitudinal pumping by laser diodes [6] [7] [8] [9] [10] [11] [12] . Laser-diode pumped solid-state lasers are nowadays covering a wide range of applications. High intensity pump beams are required to achieve sufficient inversion in the laser materials. However, part of the pump power is transformed into heat in a small volume inside the active media. In this case, a few new problems arise.
Firstly, the heat deposition is significantly inhomogeneous along the beam propagation axis. The analytical treatment of this thermal problem is rather complicated. The expression for temperature distribution obtained using the Dinis series (see [13] [14] [15] and refs. therein) is described by the infinite sum of cumbersome terms with Bessel functions, and is, therefore, inconvenient for practical applications. The approximate analytical solution of the heat transfer equation was obtained in [16] neglecting the longitudinal derivatives with respect to the radial derivatives. It has been shown that taking into account only the radial heat flow, for the cases considered, the obtained analytical solution agrees with the full numerical solution within 10% at the entrance face of the laser rod. It can be easily shown that for the common case with an air cooled end faces of the laser rod the end heat fluxes are small enough. Therefore, the problem for the mean (along the axial direction) temperature is identical to a two-dimensional problem of the radial heat flow [17] . Apparently that is not true for the case of the composite laser element where the heat transfer occurs through the additional edge surface of undoped part of the rod [18] [19] [20] .
Secondly, the temperatures in the heated regions of the laser rod may be high enough. Therefore, the temperature dependence of the parameter of the active media should be taken into account [4, [21] [22] [23] [24] [25] . A few analytic solutions are known for the transversally pumped cylindrical laser rods with a parabolic pump profile only [21, 25] .
Thirdly, anisotropy plays an important role in crystals 1 . Geometry of the end-pumped composite laser rod; l * is the undoped crystal part and l is the Nd-doped part.
because the pump generated heat is distributed in the crystal non-homogenously in different directions corresponding to the crystallographic axis. All these problems are widely discussed in modern literature and recent overview articles, however, there are many factors that influence the heat production and distribution processes, and not enough attention is paid to them. It also should be evaluated how different boundary conditions, different shapes of active elements and cooling geometries, influence the temperature distribution. In this paper, the mathematical problem of the transient heat distribution is formulated, and afterwards, the influence of the pump beam geometry on the temperature distribution inside the rod is discussed. Then the algorithm used for numerical simulations is briefly presented, and, after that, the results of numerical modelling are compared with the known and original analytical solutions. Some final remarks are done in conclusions.
Mathematical model and algorithm
Since the active rods in longitudinally end-pumped solid-state lasers are recently used in the form of the rectangular parallelepiped, here we consider such a case ( Fig. 1 ) of pumping and edge-cooled arrangement. The space-time evolution of the temperature T (x, y, z, t) in a solid-state laser is governed by the heat conduction equation [26] :
where Q(x, y, z, t) is the heat generated per unit volume per unit time, ρ is the mass density, C p is the crystal specific heat at constant pressure, k x (T ), k y (T ), k z (T ) are the temperature-dependent heat conductivity coefficients along crystallographic axes.
The heat production area in the crystal is the area where the heat is generated as the energy difference between the pump and laser photons, the so-called quantum defect [6, 7] . The developed algorithm and software (see below) allow calculating the temperature distribution for any space-time dependence of the heat source Q(x, y, z, t). In simulations we mainly used two types of the stationary heat source with super-Gaussian axially symmetric distribution
and the elliptic distribution
Here p and q are the coefficients indicating order of the super-Gaussian pump beam. We assume that the length of the rod is smaller than the length of the pumping beam waist, and therefore the transverse distribution of the heat source is the same in different sections of the rod. The length of the undoped crystal part was l * = 0 for the conventional active element and it was assumed to be about l/4 for the composite element. The values of maximal density of heat sources Q 10,20 depend on the power P of the pump beam, the fractional thermal loading η h , and the linear absorption coefficient α. These values are expressed by formulas
and
if we neglect the saturation of the pump beam absorption in the active element and the beam widths w or w x,y are much smaller than the distance from the axis of the beam to the edges of the rod. The fractional thermal loading η h is defined as the ratio of the produced heat to the absorbed pump power. This coefficient was measured to be around 30% for Nd : YAG lasers pumped at 808 nm and about 10% for Yb : YAG lasers pumped at 943 nm [7] . If the order of the superGaussian beam is q 1, then the distribution tends to be similar to the so-called top hat distribution with the radius w. But for the same pump power and the same maximal heat generation density as for the common Gaussian beam (q = 1), the radius of the top hat beam should be r 0 = w/ √ 2. After describing the main equation, which is governing the temperature distribution inside the laser crystal, initial and boundary conditions have to be established. The initial condition specifies temperature distribution in the medium at the initial time coordinate T (x, y, z, 0) = T a (x, y, z), which depends on the ambient surroundings.
The boundary conditions specify the heat flow on the boundaries of the rod and they are given by the Newton's law of the heat transfer [26] :
Here the possibility to set different heat transfer coefficients h x,y,z and cooling temperatures T a | x,y,z at different crystal walls is taken into account. It should also be noted that the heat flows on different crystal edges depend on the rod temperature on these edges T | x,y,z . YAG crystal parameters were used in our calculations because the physical properties of this crystal are most widely explored experimentally [3, 7] . It is known that thermal parameters of the doped YAG depend on the concentration of the doped ions [7] . It is especially significant for the Yb-doped YAG crystal because the thermal conductivity for the 10% doped crystal can decrease more than twice compared to the Nd-doped crystal. The concentration of Nd ions cannot be so high in the YAG crystal and we here neglect the possible dependence of thermal conductivity on the Nd concentration.
The thermal conductivity is temperature-dependent, and around 300 K this coefficient is described well by the following formula [25] :
The case ζ = 0 is that of the constant conductivity, the case ζ = 1, i. e., k 1 (T ) = k 0 T 0 /T , was used in [4, 21] . It is claimed in [25] that at around 300 K the experimental values are best described by ζ = 0.7.
A more complicated fitting procedure for experimental data of Nd : YAG was used in [23, 24] where the following expression was derived:
here a = 1.9·10 6 W/(cm K), b = 5.33 1/K, c = 7.14, d = 331 W/cm. The finite difference technique and its explicit scheme were used for the discretization of the mathematical model [27, 28] . Here we will only briefly describe discretization of the studied crystal block shown in Fig. 2 . Temperature in the numerical model can be described by the equation
ijs . Then the constructed discrete mesh shown in Fig. 2 for the laser crystal block is described as
Time step τ was chosen to satisfy the solution stabil-
are thermal diffusion coefficients; h 1 , h 2 , h 3 are steps of spatial coordinates, N 1 , N 2 , N 3 are the numbers of intervals in respective directions of dimensions x 1 , y 1 , z 1 of the rod.
Let us now consider the used approximation of differential equation (1) and initial and boundary conditions (Eqs. (6)- (8)) by difference equations. After approximation of heat conductivity Eq. (1) we have a set of difference equations:
Fig . 3 . Analytically calculated radial temperature profiles for the cylindrical active element. Gaussian (G) and top hat (TH) pumping profiles were used for constant (k0 = 0.13 W/(cm K)) and temperature-dependent (k1(T ) = a/T , where a = 39 W/cm) heat conductivity coefficients. Gaussian pump profile radius was w = 0.01 cm, top hat r0 = 7.07·10 −3 cm.
where
After approximation of initial conditions by finite difference, we get
Using this algorithm the original software that allows simulating different cases of the laser rod heating by the continuous pumping with different space distributions of the pump power was developed.
Results and discussion
Before presenting the results of numerical simulation, we discuss a more simple steady-state heat flow in isotropic cylindrical rods with radially symmetric heating distributions. In this case Eq. (1) can be written as
Neglecting the longitudinal (i. e., z) derivatives with respect to the radial derivatives, i. e., assuming only the radial heat flow, the dependence on the longitudinal coordinate z is included in an analytical solution through 
and y (dotted line) axes. Heat conductivity was set to k = 0.13 W/(cm K), the heat transfer coefficient of cooled surfaces was h = 2 W/cm 2 K.
the heat source as an external parameter [16, 17] . In this case Eq. (17) becomes simpler:
where dropped z-dependence is also in Q(r, z). For the case of the constant thermal conductivity, solutions of Eq. (18) for top hat (TH) and Gaussian (G) transverse pump power distributions are known [16, 29] . The general solution of Eq. (18) for the constant thermal conductivity with an arbitrary axially symmetric heating distribution was obtained in [30] . Unfortunately, this solution is rather cumbersome and the explicit solution for a given distribution of the heat source with the help of this solution is not easily obtained. Therefore, we also demonstrate the differential method, which allows obtaining the explicit solutions for temperaturedependent thermal conductivity of the rod. For the top hat pump beam, Eq. (18) can be written in the form of two equations:
where r 0 is the radius of the beam and R is the radius of the rod. Integrating these equations and using boundary conditions
it is easy to obtain the known solution [29] T (r) = T a + Q 0 r 2
Introducing the dimensionless value q 0 = Q 0 r 2 0 / (2k 0 T 0 ), the solution of Eq. (22) in the region 0 ≤ r ≤ r 0 can be written as
For the Gaussian beam with the heat source in the form Q(r) = Q 0 exp −2(r/w) 2 , the solution of Eq. (18) can be written as
In [16] the solution of Eqs. (26), (27) is expressed via the exponential integral function. Using standard commercial mathematical programs such as Mathcad, it is simpler to calculate the integral (Eqs. (26), (27)) directly. For the points near the beam axis (r w), the solution of Eq. (25) can be written in the form
where for a more convenient comparison with the top hat solution the same notation (r 0 = w/ √ 2) is used for the same pump power and the same maximal heating density Q. It can be seen from Eqs. (23) and (28) that a Gaussian pump beam leads to the spherically aberrated thermal lens with a twice smaller focal length as compared to the top hat beam with the same power dissipation and slightly smaller spot radius r 0 = w/ √ 2 (not the same as claimed in [9] ).
Two different steady-state temperature distribution profiles are known in the case of the temperaturedependent thermal conductivity (Eq. (9)) for a parabolic pump profile: (i) for ζ = 1 [4, 21] and (ii) for ζ = 1 [25] . We will present new solutions for the case ζ = 1 for the pump beam with top hat and Gaussian profiles. Using the same differential method it is not difficult to obtain the following solution of Eq. (18) for the top hat pumping beam:
Here 
It is easy to find that T C1 < T C3 . Therefore, in the case of the temperature-dependent thermal conductivity, the induced thermal lens is spherically aberrated even for the top hat pump beam and has a shorter focal length. For a Gaussian pump beam, the analogous expressions can be easily obtained:
Near the axis of the pump beam, the following formula for temperature distribution can be obtained: ) when all four side walls were cooled, but the pumping area was shifted closer to one side. Heat conductivity was set to k = 0.13 W/(cm K), Gaussian pumping w = 0.01 cm. Figure 3 illustrates analytically calculated temperature profiles for cylindrical active elements (AE) pumped by Gaussian (G) and top hat (TH) beams, using Eqs. (23)- (25), (29), (30), (32), (33). In calculations the following parameter values of AE were used: k 0 = 0.13 W/(cm K), T 0 = 300 K, T a = 293 K, R 0 = 0.05 cm, w = 0.01 cm, r 0 = 70.7 µm, Q 0 = 2·10 5 W/cm 3 , h = 2 W/(cm 2 K). The same AE parameters were also used in other numerical simulations unless other values were indicated additionally.
From calculations it can be seen that the maximum temperature at the centre of the crystal rod is as follows: T C2 < T C1 < T C4 < T C3 . It can be seen from Fig. 3 Fig . 6 . 3D temperature profile for the composite active element with Gaussian pumping w = 0.01 cm; heat conductivity was set to k = 0.13 W/(cm K), the heat transfer coefficient h = 2 W/(cm 2 K).
that the temperature distributions for Gaussian and top hat beams strongly differ only in the inner region of pump beams (r ≤ w). The temperature distributions practically coincide in the outer region of the beams inside the rod, though analytical expressions for temperature distribution are very different. It should also be noted that signs of Taylor series terms are the same for the top hat pump beam (see Eqs. (23), (24), (31)) and different for the Gaussian beam (Eqs. (28) and (34)). Therefore, in the region r ∼ r 0 , the temperature gradient for the Gaussian beam is smaller than for the top hat pump beam. Most of the numerical calculations were performed for the rectangular Nd : YAG active element with 1×1×5 mm 3 dimensions for the conventional element and 1×1×6.25 mm 3 for the composite element with the 1.25 mm long undoped entrance part of the element (Fig. 1) . At first, we present the results (Fig. 4) , which depict the influence of different cooling arrangements for the conventional Nd : YAG element with Gaussian pumping. The pump beam was assumed to have the waist radius w = 0.1 mm. The incident pump-generated heat with the maximal density is Q 0 = 2·10 5 W/cm 3 . The lowest maximal temperature (Fig. 4, solid line) is realized near the entrance face (z = 0) for the case of all cooled surfaces of AE: the side walls are water-cooled with the surface heat transfer coefficient h x = h y = 2 W/(cm 2 K), the entrance and rear faces of AE are air-cooled with h z = 0.1 W/(cm 2 K). The temperature is notably higher (Fig. 4 , dash dot line) for homogeneous heating along the z axis (α = 0). The temperature for the cylindrical rod with the side surface water cooling (h = 2 W/(cm 2 K), h z = 0) and homogeneous (α = 0) heating along the z axis (this case corresponds to the analytical result, depicted in Fig. 3 by solid line, for the constant thermal conductivity) is also slightly higher (Fig. 4, dash line) than for the rectangular rod (Fig. 4 , dash dot line), when all side surfaces are cooled, because the coolant surface is larger in the latter case. If only two opposite sides of the rectangular rod are cooled, the temperature rises again visibly, but its distribution in the region 0 ≤ r = x 2 + y 2 < w is practically the same in different directions (Fig. 4, short  dash and dot lines) .
This observation holds true not only for the centred pump beam (Fig. 5(a) ), but also for the shifted pump beam and AE cooled from all sides (Fig. 5(b) ). It is well seen that the isolines of constant temperature are concentric cycles. Thus, it can be concluded that positioning of the pump beam is not so critical for rods with the large enough transversal cross-section compared with the pump beam cross-section.
The 2D temperature profile for the composite laser rod is shown in Fig. 6 . It is seen that for 1.25 mm long undoped part of YAG the increase in temperature at the entrance face is very small. Therefore, there is no need to use longer undoped entrance ends. The decrease in temperature inside the active medium is significant as compared to the conventional rod ( Fig. 7(a, b) ). It is seen that the temperature at the entrance face of the active medium decreases strongly, but at the exit face it practically does not change. The increase in temperature due to the temperature-dependent heat conductivity is also slightly diminished in the composite rod. For the quasi three-level system such as Yb : YAG, the temperature increase should be small enough because it can strongly populate the lower working level of Yb ion. Therefore, in such media the temperature rise must be controlled carefully. If the temperature increase does not significantly disturb the population of the lower working level of active media as is the case with Nd : YAG, the other effects can limit the performance of the laser. The most significant of these effects is a thermally induced change of the optical path difference (OPD). It is commonly assumed that the optical path difference is essentially proportional to the temperature rise ∆T and can be found using formula
Here we will not specify the thermo-optic parameter dn/dT exactly. In the calculation results presented below we use the common value of dn/dT for Nd : YAG elements [7] and do not take into account its temperature dependence [23, 24] . The calculated OPD in the plane y = y C is presented in Fig. 8 . It is (a) (b) Fig. 7 . Temperature at the centre of the active element along z axis for conventional and composite rods, with temperature-dependent heat conductivity coefficients (solid and dashed lines), calculated using Eqs. (9), (10) and the constant heat conductivity coefficient k = 0.13 W/(cm K) (dotted line). All calculations were performed for Gaussian pumping with radius w = 0.01 cm and for usual cooling heat transfer coefficient h = 2 W/(cm 2 K).
seen that the calculated absolute changes of OPD/λ in the conventional rod are more significant for both cases of the temperature-independent and temperaturedependent heat conductivity. Therefore, the use of composite rods can reduce the thermal lensing effect. This reduction can be more expressed for lasers with a longer active medium than in the case of very short (∼1 mm) doped parts of AE [18, 19] . Our developed software makes it possible to set arbitrary heat conductivity coefficients along different axis in the crystal block. In this case, the distribution of temperature is different along the x and y axes. Therefore, the thermally induced lens is astigmatic in this case. The astigmatism of the thermal lens can be reduced using the elliptical pump beam. On the one hand, such variations in the pump beam shape and different crystal configurations can help diminish the maximum temperature in the crystal, although, on the other hand, astigmatism occurs in the crystal block. The use of our program allows us to optimize experimental arrangement of the laser oscillator or the amplifier and to improve performance of the constructed laser system.
Conclusions
Analytical and numerical studies of the thermal characteristics for conventional and composite laser rods in laser-diode end-pumped geometry are reported in detail using Nd : YAG rods as an example. Using analytical solutions and numerical simulations conducted by the developed software, it has been shown that, when taking into account the temperature dependence of the heat conductivity, the temperature in the active element can be significantly higher compared with the data for the temperature-independent heat conductivity coefficient. This change in temperature is significant and should be taken into account when developing laser systems. The dependence of heat conductivity on temperature causes the non-parabolic heat distribution even in the region of the pump beam with the top hat intensity distribution. This leads to much more strongly spherically aberrated thermal lens and increases the wavefront distortion for both Gaussian and top hat pump beams. It is shown by direct numerical simulations that the undoped entrance section of the composite rod acts as an additional effective heat diffuser and significantly reduces the peak temperature rise inside the crystal. The thermally induced spherical aberration strongly complicates the laser beam distor-tion compensation. It has been shown that thermal lensing can be improved using composite laser rods with the undoped entrance end section.
